The Sumudu transform of the Dixon elliptic function with non-zero modulus α = 0 for arbitrary powers N is given by the product of quasi C fractions. Next, by assuming the denominators of quasi C fractions as one and applying the Heliermanncorrespondence relating formal power series (Maclaurin series of the Dixon elliptic function) and the regular C fraction, the Hankel determinants are calculated for the non-zero Dixon elliptic functions and shown by taking α = 0 to give the Hankel determinants of the Dixon elliptic function with zero modulus. The derived results were back-tracked to the Laplace transform of Dixon elliptic functions.
Introduction
To determine the coefficients of the Maclaurin series of Jacobi elliptic functions, Hankel determinants, and determinants of Bernoulli numbers, continued fractions and Heilermann correspondence were employed in [1] . By using the Fourier series expansions of Jacobi elliptic functions and continued fractions, orthogonal polynomials were calculated and related to each other through the multiplication formulas of the Jacobi elliptic functions in [2] . The Laplace transform of Jacobi elliptic functions was expanded to continued fractions, and it was shown that their coefficients were orthogonal polynomials and the derived dual Hahn polynomials in [3] . The Fourier series and continued fractions expansions of ratios of Jacobi elliptic functions and their Hankel determinants were used in different ways for representing the sum of square numbers derived in the determinant forms in [4] . The Laplace transform of bimodular Jacobi elliptic functions were solved as continued fractions, and then, by using the modular transformation, the results were shown for unimodular Jacobi elliptic functions in [5] .
Dixon studied the cubic curve x 3 + y 3 − 3αxy = 1 ; α = −1 for the orthogonal polynomials, where the curve has a double period, which gives rise to the two set of functions sm (x, α) and cm (x, α), now known as the Dixon elliptic functions in [6] . The examples, the relation to hypergeometric series, modular transformation, and formulae for their ratio were given in [7] . When α = 0 in the above cubic curve, their series expansions and transformations were studied in [8] . The Dixon elliptic functions were used
is given by the integral equation.
Through this research communication, the Sumudu transform is applied for the Dixon elliptic functions of arbitrary powers and expanded as the quasi C fractions. Using the numerator coefficients of the quasi C fractions, Hankel determinants are calculated by the correspondence connecting formal power series and the regular C fractions.
Preliminaries
The derivative of the Dixon elliptic functions [23] (Equations (1) and (3) , page 171 [6] , and Equations (1.18) and (1.19 ), page 9 [5] ) takes the following definition, d dx sm (x, α) = cm 2 (x, α) − αsm (x, α) and d dx cm (x, α) = −sm 2 (x, α) + αcm (x, α) ,
and has [23] (Equation (1.21), page 10 [5] ), sm (0, α) = 0 and cm (0, α) = 1.
These functions satisfy the aforesaid cubic curve, and hence (Equation (2), page 171 [6] , and Equation (1.22), page 10 [5] ) [23] :
The infinite continued fraction is represented by [23] Equation (2.1.4b, page 18 [26] , and Equation (1.2.5 ), page 8 [27] .
Definition 1. Let a = {a n } , b = {b n } and u be indeterminate, then the C-fraction (Equation (7.1.1), page 221 [26] ) [28] and Equation (54.2) (page 208 [29] ) are defined by [23] .
When the sequence β (n) is constant, then the C-fraction is called the regular C fraction, while the quasi C fraction has the following form.
Sometimes, the coefficients a n = a n (u) are functions of u.
Definition 2. [4, 5, 23, 26] Let c = {c v } ∞ v=1 be a sequence in C. Then, the Hankel determinants H (n) m (.) and χ m (.) are defined by, 
Lemma 1.
When the regular C fraction converges to the formal power series:
then,
where H
(1)
0 (.) = 1. Conversely, if Equations (6) and (7) hold, then Equation (5) holds true. Furthermore,
Quasi C Fractions' Expansions of the Dixon Elliptic Functions
The Laplace transform of the Dixon elliptic functions for modulus non-zero is given as quasi C fractions in [5] . Here, we apply the Sumudu transform Equation (1) for the Dixon elliptic functions given by sm N (x, α) ; N ≥ 1, sm N (x, α) cm (x, α) ; N ≥ 0 and sm N (x, α) cm 2 (x, α) ; N ≥ 0 for the arbitrary powers derived, which leads to the difference equation, then expanding to the quasi C fractions. Next by assuming the denominator of the quasi C fractions as one, using Lemma 1, the Hankel determinants are calculated for the non-zero modulus Dixon elliptic functions. Theorem 1. For j ≥ 1, S sm N (x, α) is given by the following quasi C fractions:
(10)
3.
For N = 3, 6, 9, 12, · · · .
(11)
4.
For N = 4, 7, 10, 13, · · · .
(12)
5.
For N = 5, 8, 11, 14, · · · .
Proof. Defining the Sumudu transform of the Dixon elliptic functions by the integral equations,
Evaluating by parts, using Equations (2)- (4), with A 0 = 1, leads to the following:
A 2 := 2uC 1 − 2αuA 2 .
Solving with the recurrences of Equations (15) and (16) yields the following quasi C fractions:
When N = 1, 2, and 3:
(20)
Now, Equation (9) is obtained from Equation (19) by iterating with Equations (17) and (18). Next, Equation (10) is obtained from Equation (20) by iterating with Equations (17) and (18) where B 0 is derived from Equation (15) . Following the same procedure, Equations (11)- (14) are derived upon continuous iteration of Equations (17) and (18) and after the mathematical simplifications.
, given by the following quasi C fractions:
(24)
4.
(25)
5.
Proof. Solving the recurrences of Equation (15) For N = 0 , 1, and 2 in Equation (15), after solving with the recurrences of Equations (14) and (16):
Now, Equation (22) is derived from Equation (28) upon iterating with Equations (17) and (18) . Equation (23) is derived from Equation (29) upon iterating with Equations (17) and (18) . Equation (24) is derived from Equation (30) where A 1 given by Equation (19) , and both are iterated with Equations (17) and (18) . Continuing in the same way, Equations (25)- (27) are obtained by iterations, mathematical calculations and simplification. 
S cm
2.
3.
4.
5.
6. For N = 5, 8, 11, 14, · · · .
(36)
7.
For N = 6, 9, 12, 15, · · · .
(37)
Proof. Evaluating by parts, Equation (16) gives:
C 1 := uB 0 − 3uB 3 + 4αuC 1 .
C 2 := 2uB 1 − 4uB 4 + 6αuC 2 .
C 3 := 3uB 2 − 5uB 5 + 8αuC 3 .
Solving with recurrences of Equations (14) and (15) yields the quasi C fractions:
where,
For N = 0, 1 and 2 in Equation (16).
(41)
(42)
Hence, Equation (31) is obtained by iterating Equations (38) and (39) starting with Equation (41). Equation (32) is obtained from Equation (42) with B 0 given by Equation (28) iterating both respectively with Equations (17), (18) and Equations (38), (39). Following the same way, Equation (33) is obtained from Equation (43). Equations (34)-(37) are derived by continuous iteration of Equations (38) and (39), giving the results.
Hankel Determinants of the Dixon Elliptic Functions (α = 0)
By assuming the denominator of the quasi C fractions as one, Lemma 1 is applied to the coefficients of the quasi C fractions for deriving the Hankel determinants of non-zero modulus. In Lemma 1,
represents the Hankel determinants of Dixon elliptic functions with α = 0, which are calculated from the associated continued fractions. As quasi C fractions are derived in this work, the quasi associated continued fractions are considered, which were discussed in detail by the authors in [23] . Therefore,
of Lemma 1 is taken from [23] , which are Hankel determinants of the non-zero modulus Dixon elliptic functions.
Theorem 4.
Hankel determinants of the Dixon elliptic function sm N (x, α) are given by the following equations:
(47)
3. For N = 3, 6, 9, 12, · · · .
(49)
(51)
(53)
Here, E (.) and H (.) are given by the following polynomials for N ≥ 3 from [23] .
.
Proof. Let sm N (x, α) 3v+N denote the coefficients in the Maclaurin series of sm N (x, α).
Assuming the denominators of Theorem 1 as unity and applying Equation (8) of Lemma 1 to the coefficients of Equations (9)- (13) (where
(.) are the Hankel determinants of the quasi associated continued fraction given in [23] ), iterating and simplifying complete the proof.
Theorem 5.
Hankel determinants of the Dixon elliptic function sm N (x, α) cm (x, α) are given by the following equations:
1.
(55)
(56)
(60)
Here, P * (.) and S (.) are given by the following polynomials in [23] .
Proof. Let sm N (x, α)cm(x, α) 3v+N denote the coefficients of series for sm N (x, α)cm (x, α) .
Assuming the denominator of Theorem 2 as unity and applying the coefficients of Theorem 2 in Equation (8) of Lemma 1 (where
(.) are the Hankel determinants of the quasi associated continued fraction given in [23] ), iterating and simplifying complete the proof. Theorem 6. Hankel determinants of the Dixon elliptic function sm N (x, α) cm 2 (x, α) are given by the following equations:
5.
(78)
(80) Here, T * (.) , X * (.) , T (.) and X (.) are given by the following polynomials in [23] . 
(.) are the Hankel determinants of the quasi associated continued fraction given in [23] ) give the Hankel determinants.
Applications and Numerical Examples
The Hankel determinants of the Dixon elliptic functions with zero modulus are obtained by substituting the modulus α = 0 in Theorems 4-6. When α = 0 in Equations (44)-(46), this gives the H (2) m (.) of sm (x, 0), which are given in Table 1 for the different values of m. When α = 0 in Equations (47) and (48), this gives the H (2) m (.) of sm 2 (x, 0), which are given in Table 1 for the different values of m. When α = 0 in Equations (53) and (54) and i = 1, this gives the H
m (.) of sm 5 (x, 0), which are given in Table 3 for the different values of m. Next, when i = 2, i = 3 in Equations (53) and (54), this gives the H m (.) of cm (x, 0), which are given in Table 3 for the different values of m. Table 7 .
Hankel determinants H i = 3 in Equations (82) and (83), this gives the H (2) m (.) of the respective sm 9 (x, α) cm 2 (x, α) and sm 12 (x, α) cm 2 (x, α). Table 9 .
Hankel determinants H
